Abstract. Maps between Riemannian manifolds which are submersions on a dense subset, are studied by means of the eigenvalues of the pull-back of the target metrics, the first fundamental form. Expressions for the derivatives of these eigenvalues yield characterizations of harmonicity, totally geodesic maps and biconformal changes of metric preserving harmonicity. A Schwarz lemma for pseudo harmonic morphisms is proved, using the dilatation of the eigenvalues and, in dimension five, a Bochner technique method, involving the Laplacian of the difference of the eigenvalues, gives conditions forcing pseudo harmonic morphisms to be harmonic morphisms.
Introduction
The geometric features of harmonic maps are often best revealed when combined with other properties such as conformality, which has led to a connection with minimal submanifolds and, more generally, minimal branched immersions. The dimensional counterpart of this approach emerged from a seemingly unrelated problem on maps which preserve, by composition on the right-hand side, (local) harmonic functions. These maps, called harmonic morphisms, were characterized by Fulgede [9] and Ishihara [12] as harmonic maps with the added property of horizontal weak conformality, i.e. the map ϕ : (M, g) → (N, h) between Riemannian manifolds, is horizontally weakly conformal if at 2000 Mathematics Subject Classification. Primary 58E20; Secondary 53C43. Key words and phrases. Harmonic morphisms, pseudo horizontally weakly conformal maps.
The second author benefited from a one-year grant from the Conseil Général du Finistère and acknowledges partial support by the CEx grant no. 2-CEx 06-11-22/ 25. 07.2006. any point x ∈ M, either dϕ x ≡ 0 or dϕ x (ker dϕx) ⊥ is surjective and conformal. The conformal factor λ(x) is called the dilation of ϕ and harmonic morphisms must be almost submersions, i.e. submersive on a dense set. The theory of harmonic morphisms has developed into a rich subject, cf. [5] , and one particular interesting area is its interaction with complex structures and links with holomorphic maps. In general, horizontally weakly conformal maps pull back the metric of the target onto a metric on the horizontal distribution (the orthogonal complement of the kernel of the differential) but in the presence of a complex structure on the codomain, one can also pull back this geometric structure. However, this property is not characteristic of horizontally weakly conformal maps but defines a larger class called pseudo horizontally weakly conformal maps, first identified by Burns, Burstall, de Bartolomeis and Rawnsley in [7] in their study of stable harmonic maps into irreducible Hermitian symmetric spaces of compact type and formulated as
where (dϕ) t is the adjoint of the dϕ, and J is the complex structure on the target. A more systematic study of pseudo horizontally weakly conformal maps into almost Hermitian manifolds was carried out in [14] and [15] where the pull-back of the complex structure J is used to build an f -structure on the domain (M, g), i.e. an endomorphism F of the tangent bundle satisfying
associated to each pseudo horizontally weakly conformal map. Moreover, these maps are (F, J)-holomorphic, i.e. their differentials intertwine the f -structure of the domain and complex structure of the target. When the codomain is (1, 2)-symplectic, that is the Kähler form ω satisfies (dω) 1,2 = 0, the harmonicity of a pseudo horizontally weakly conformal map is characterized by
Harmonic pseudo horizontally weakly conformal maps are called pseudo harmonic morphisms and one can easily show that they pull back (local) holomorphic functions onto harmonic functions.
A subclass of pseudo horizontally weakly conformal maps, called pseudo horizontally homothetic maps and defined by
was introduced by Aprodu, Aprodu and Brinzanescu [2] to construct new maps preserving minimal submanifolds. Recently, in a sort of return to the origins, harmonic pseudo horizontally homothetic submersions were shown to be weakly stable [1] . While pseudo horizontal weak conformality is a compatibility condition of the complex structure and the metric, pseudo horizontal homothety is a partial Kähler condition on the horizontal bundle.
The principal difference between the conditions of horizontally weakly conformal and pseudo horizontally weakly conformal is that the latter does not connect the domain and target metrics together. This extra flexibility, for example, non-constant immersions can be pseudo horizontally weakly conformal, is also the source of new difficulties when trying to put in evidence geometric properties. To avoid these limitations, this article takes the option of concentrating on a fundamental constituent of a map: the eigenvalues of its first fundamental form, which is the pull-back of the target metric. Computing their derivatives, we are able to give an expression of harmonicity, a characterization of totally geodesic submersions and a criterion of invariance under biconformal change of metric. When looking at the distribution of the eigenvalues, the filiation with holomorphic maps appears clearly and we can obtain a Schwarz lemma, that is geometric conditions on the domain and codomain restricting the growth, or even the existence, of pseudo harmonic morphisms. The approach is essentially based on [11] but is also reminiscent of [20] . Finally, working from a five dimensional Riemannian manifold into a four dimensional Hermitian manifold, we observe that the first fundamental form of pseudo harmonic morphisms can only admit two non-zero eigenvalues and derive a formula for the Laplacian of their difference. This enables us to find conditions on the spaces and the map forcing these two eigenvalues to agree and the map to be a harmonic morphism.
Derivatives of eigenvalues
Let ϕ : (M m , g) → (N n , h) be a smooth map between Riemannian manifolds. The first fundamental form ϕ * h is a symmetric, positive semi-definite covariant 2-tensor field on M defined by the pull-back of the metric on N. Via the musical isomorphisms, it can be seen as the endomorphism dϕ
Since it is symmetric, the first fundamental form is diagonalizable and we let λ A non-constant map is horizontally weakly conformal when all the non-zero eigenvalues of ϕ * h are equal.
Moreover, let spec g (ϕ * h) = {λ 
Moreover, supposing that
To construct an adapted frame, we can use the standard diagonalization procedure once we have checked that, if E 1 , F E 1 are orthonormal eigenvector fields associated to λ
and similarly for F E 1 .
This enables a particular expression for the derivatives of eigenvalues of the first fundamental form of a pseudo horizontally weakly conformal mapping.
) be a pseudo horizontally weakly conformal map of rank 2r into an almost Hermitian manifold
an adapted orthonormal frame of eigen-
where Ω is the fundamental 2-form on (N, J, h), i.e. Ω(X, Y ) = h(X, JY ).
Proof. This relation can be computed directly or combining (2) and
for all X, Y ∈ Γ((ker dϕ) ⊥ ).
Applications to almost submersions
For almost submersions, the derivatives of the eigenvalues encode information on the horizontal distribution and harmonicity. 
be an orthonormal frame of eigenvectors of ϕ * h such that E i ∈ H, ∀i = 1, . . . , n and E α ∈ V, ∀α = 1, . . . , m − n. Then, at regular points, the mean curvature µ H of the horizontal distribution is given by
In particular for a horizontally weakly conformal map, we recover the expression
The map ϕ is harmonic if and only if
for all k = 1, . . . , n, where e(ϕ) is the energy density of ϕ.
) is an almost submersion and {E i , E α } Remark 1.
(1) A computation similar to (6), for eigenvectors X and Y , corresponding to the same eigenvalue λ of ϕ * h, yields
(2) The proposition can also be obtained summing up (2) 
(3) Some straightforward consequences of (7) are (a) A harmonic map has constant energy density if and only if its first fundamental form is conservative (i.e. divϕ * h = 0); (b) A harmonic map has minimal fibres if and only if div
It is well-known that for horizontally weakly conformal maps, i.e. λ
The special formula for the derivatives of the eigenvalues of the first fundamental form of a pseudo horizontally weakly conformal almost submersion leads to a re-writing of the condition of harmonicity.
Corollary 1.
A pseudo horizontally weakly conformal almost submersion ϕ is harmonic if and only if the eigenvalues and eigenvector fields of ϕ * h satisfy
Proof. According to (5) , the harmonicity of a pseudo horizontally weakly conformal almost submersion is given by (9)
As the eigenvalues are double,
and, replacing in (9), we get the proposition.
Remark 2. The harmonicity of a pseudo horizontally weakly conformal almost submersion with values in a (1,2)-symplectic manifold is given by the criterion ( [15] )
Notice that, in this case, harmonicity is intrinsic to the f -manifold (M, F, g), i.e. it can be formulated independently of the first fundamental form of the map, as the left-hand term is equal to F divF . This is no longer true when the target manifold is not (1,2)-symplectic.
Clearly, by Equation (1), totally geodesic maps have constant eigenvalues.
Proposition 4.
A submersion is totally geodesic if and only if its first fundamental form is parallel. Consequently, its eigenvalues are constant.
Proof. One implication was proved in [4] . The proposition relies on the following relationship: a map ϕ : (M, g) → (N, h) between Riemannian manifolds, satisfies the identity (10) (
and its counterpart
Indeed,
, that gives us (10) .
Using (10) three times, we get (11).
) a harmonic submersion, we can perturb the metric g biconformally
where σ and ρ are functions on M.
) a smooth almost submersion between Riemannian manifolds. Then any two of the following conditions imply the third
(1) ϕ is harmonic, with respect to the metric g; (2) ϕ is harmonic, with respect to the metric g;
, with respect to the new metric g, the eigenvalues and adapted frames of eigenvectors of ϕ * h are given by
To check Equation (5) with respect to g, we compute each term separately
Using these formulas in (5) with g, we have
As ϕ is harmonic with respect to g, the condition simplifies to can be expressed in terms of the eigenvalues of the first fundamental form λ
Moreover, for p = 2, we have the inequality
with equality if and only if r = k and λ
Definition 1.
[10] A map ϕ is said to be of bounded dilatation of order K if the ratio of the first two eigenvalues of ϕ * h is bounded by K 2 , i.e.
For a map of bounded dilatation of order K, one can easily establish the reverse inequality ( [11] )
If M is a complete manifold with non-positive sectional curvature and Ricci curvature bounded from below by a negative constant −A and the sectional curvature of the manifold N is bounded above by a negative constant −B, Goldberg and Har'el showed in [11] 
The binary nature of the eigenvalues of pseudo horizontally weakly conformal maps, enables the extension of some results previously known for holomorphic maps.
Proposition 5.
• [11] Any pseudo horizontally weakly conformal map in an almost Hermitian manifold is of bounded dilatation of order 1.
• 
with equality if and only if the map is horizontally weakly conformal, that is if λ
since the eigenvalues are double
But, by Newton's inequalities
we obtain the lemma.
With this lemma, we can improve the bound on the energy density of a pseudo harmonic morphism. 
Proof. We follow the argumentation of [11] . Let ϕ : M → N be a pseudo harmonic morphism, that is a pseudo horizontally weakly conformal harmonic map. In [10] , Goldberg uses the Weitzenböck formula for harmonic maps and an exhaustion of M by conformal submanifolds (M ρ , e vρ g), to show that there exists a maximum point x of the function e −2vρ |dϕ| 2 and a function ǫ(ρ) with lim ρ→+∞ ǫ(ρ) = 0 such that
at the maximum x. The condition on the sectional curvature of (N, h) implies that
Therefore, at this maximum point
Combining with Lemma 2, we obtain
at the maximum point x, hence everywhere. Let ρ → +∞, then v ρ goes to zero and we obtain
Since the unit disk has a Kähler metric with constant negative holomorphic sectional curvature, we have the following Example 1 (Pseudo harmonic morphisms between space forms). For a real constant κ, consider the complex n-space N n (κ), h (κ) which, for κ = 0, > 0 or < 0, is C n , CP n or B n (the unit ball in C n ), equipped with the Kähler metric
where ζ = 1 + κ|z| 2 . For κ = 0, 1 and −1, we obtain the Euclidean, Fubini-Study and Bergman metrics. We know that K(X, JX) = 2κ, i.e. the holomorphic sectional curvature is constant and equal to 2κ, and the sectional curvature K
if κ ≤ 0 (with reversed inequalities for κ ≥ 0). Now consider the analogous Sasakian space forms, the only complete, simply connected Sasakian manifolds with constant φ-sectional curvature c:
the Kähler 2-form of B n and π the projection of B n × R onto the first factor. The Ricci tensor of these space forms is [6] Ric(X, Y ) = n(c + 3
In all three cases, Ric(ξ, ξ) = 2n. Recall that if we make a D-homothetic transformation of the contact structure, for example
then the above spaces remain Sasakian space forms, with φ-sectional curvature c = c+3 a − 3. So in these cases, we have
•
From these results, we can conclude the following.
Proposition 6.
• Any (φ, J)-holomorphic map ϕ :
. If we take κ ≤ −8, then ϕ will be distance decreasing.
• There exists only a finite number of (φ, J)-holomorphic maps ϕ : S 2n+1 → B n .
. For κ ≤ −8, ϕ will be distance decreasing for any a > 4(n + 1). All these maps are pseudo harmonic morphisms.
Note, that a holomorphic map from a Kählerian space form to B n can be non-constant only if κ < 0 on the domain space, as Ric(
. In this case, a holomorphic map ϕ : B m → B n (automatically a pseudo harmonic morphism) will satisfy |dϕ| 2 ≤ 4(m + 1).
A Bochner technique for Pseudo Harmonic Morphisms
Let ϕ : (M 5 , g) → (N 4 , J, h) be a pseudo horizontally weakly conformal map from a five-dimensional Riemannian manifold into a 4-dimensional almost Hermitian manifold. The manifold M inherits an f -structure compatible with the metric and, when M is oriented, an almost contact structure (cf. [19] ).
On an open neighbourhood of a regular point of ϕ, consider an adapted frame of unit eigenvectors {E 1 , F E 1 , E 2 , F E 2 , V } corresponding to the three eigenvalues λ , we shall compute ∆Λ and apply a maximum principle to find conditions forcing the equality of the two eigenvalues, a Bochner technique introduced in [3] .
To unify notations, we shall use the convention E ı = F E i and E 0 = V . Lower case letters will run over the indices 0, 1, 2, while upper case letters will run over the indices 0, 1, 2, 1, 2. We will also use the no- 
where
) a pseudo horizontally weakly conformal map and p ∈ M a point where the rank is maximum. In a neighbourhood of this point, the first fundamental form ϕ * h admits three eigenvalues λ By definition
Since the energy density is constant in horizontal directions, i.e. grad(e(ϕ)) ∈ V, then E I (λ
) and
From the formula
we deduce
, we obtain
To compute ∆ H Λ, we start with the harmonicity condition (9)
and similarly for E 2
Analogous relations exist for F E 1 and F E 2 . Finally
with corresponding formulas for dΛ(∇ E I E I ), I = 1, 2, 2.
we conclude that
The first terms of the first four lines will mainly give positive terms by virtue of the harmonicity condition The second terms of the first four lines will produce curvature terms and some additional terms
Most of the terms of (II c ) cancel with terms of the fifth line 
The third terms of each of the first four lines will cancel with the term To make positive terms appear, we need a couple of lemmas. Proof. As the induced f -structure F is projectable, we have This completes the proof.
Combining these lemmas, we obtain (cf. also [19] ).
Lemma 5. For any pseudo horizontally weakly conformal submersion, the second fundamental form of the horizontal distribution is Finvariant 
